When setting up global ocean circulation models one faces the problem of including the Arctic Ocean where the traditional spherical coordinate system has a singularity at the pole. In addition, in regional model applications one has to deal with open boundaries where assumptions are made about the normally poorly known boundary conditions. Here an analytical reversible coordinate transformation on a sphere which preserves the orthogonality and the shape of in nitesimal gures is presented. Starting from a standard spherical coordinate system, the transformation is able to map the North and South poles to two arbitrary locations of the Earth and this is readily done with the aid of a conformal mapping in the extended complex plane. The resulting coordinate system will have enhanced resolution along the geodesic curve between the new poles. Examples are given where the transformation is used to strongly increase the resolution in a particular region of interest in the model domain.
Introduction
When operating on the surface of a sphere only two parameters are needed to specify a location. The Cartesian system consisting of three parameters is therefore usually not e cient and a coordinate transformation is required (see Swarztrauber et al. (1997) for an alternative formulation in Cartesian coordinates). In Gal-Chen and Somerville (1975) , the equations of uid motion have been formulated in a noncartesian, nonorthogonal coordinate system. This formulation is greatly simpli ed if the coordinate system is orthogonal (orthogonal curvilinear coordinates), see for instance Williamson et al. (1992) . The standard coordinate transformation on a sphere is the spherical coordinates given by the angles ( ; ) or (longitude, latitude). The spherical coordinate system is orthogonal and only need scaling along the curves with constant or latitude.
A problem with the spherical coordinate system is related to the singularities at the North and South poles. Global atmospheric models have normally been based on an expansion in spherical harmonics to eliminate the problem with these singularities, however in the ocean this cannot be done since the ocean is bounded by continents. On the other hand the spherical coordinate system has proven useful for most oceanic model applications except when the model domain includes the Arctic Ocean. For truly global models an alternative grid formulation must be used. Eby and Holloway (1994) and Coward et al. (1994) uses a two grid scheme to include the Arctic. In this approach most of the ocean is covered by a regular latitude-longitude grid combined with a rotated grid covering the North Atlantic and the Arctic. In Madec and Imbard (1996) , a semi-analytical method is used to construct a grid where the pole on the northern hemisphere is moved outside the computational domain. Furthermore, several analytical methods are used by Murray (1996) to construct global grids with no singularity in the ocean domain.
For regional model applications it is often of interest to have enhanced resolution in parts of the model domain, and the open model boundaries should be located far enough away to not in uence the solution in the region of particular interest. Nesting of a high resolution model into large scale coarse resolution models has been a popular approach for specifying realistic boundary conditions for the regional high resolution model (Tripoli and Bender (1979) , Spall and Holland (1991), Ginis et al. (1998) ). An alternative is to formulate the model in orthogonal curvilinear coordinates as done by e.g. Haidvogel et al. (1991) and Song and Haidvogel (1995) . This allows the model grid to be stretched in some regions and focused in others, for example is it possible to have a model boundary that follows a curving coastline.
Here a coordinate transformation is presented, where the North and the South poles can be mapped to arbitrary locations on the Earth. For global model applications this allows us to move the singular North pole onto land and, thus, a true global grid which includes all of the world oceans can be formulated. For regional grids one can map the poles to locations near each other, and get a model grid with high resolution along the geodesic curve between the poles and coarse resolution on the opposite side of the Earth. The transformation is a conformal mapping which ensures local orthogonality, and the resulting grid can be used by any model implemented on an orthogonal curvilinear coordinate system. The presented transformation provides an extremely simple and exible approach for generating orthogonal grids.
The general mapping is set up between two spherical coordinate systems, that is, the original system and a new transformed system. As an extension it is also recommended to use a Mercator transformation prior to the mapping between the spherical coordinate systems. With this additional step we can construct a grid which locally has the same metric scale factors in both directions. This normally improves the properties of the numerical schemes since truncation errors are of the same order in both directions.
In the following section we will derive and present the conformal mapping and transformation between the two spherical coordinate systems. Thereafter example grids are presented which demonstrate the exibility of the transformation.
Derivation of the transformation
In Murray (1996) , a method for constructing asymmetrical bipolar grids is presented. This is accomplished by stereographically projecting a sphere onto a plane and then reprojecting the plane onto a smaller sphere. To allow for arbitrary positions of the new poles a sequence of Euler rotations are needed. In this paper an alternative coordinate transformation is presented, which includes the asymmetric bipolar grid in Murray (1996) as a special case.
2.1 Transformation between spherical coordinates and the extended complex plane Let us rst de ne a transformation from spherical coordinates ( ; ) to a point z in the extended complex plane C. Here 2 ? ; ] and 2 0; ]. We choose the polar stereographic projection for this purpose. This projection has the properties that angles are preserved, the shape of in nitesimal gures are preserved, and circles are projected onto circles. Here a circle on the sphere is considered as the intersection between a plane and the sphere. A straight line in the complex plane is considered as a circle with in nite radius. The stereographic projection is discussed in e.g. Courant (1936) and Steers (1962) . The polar stereographic projection expressed as a transformation from spherical coordinates to z 2 C may be written as
( 1) with the inverse transformation (z) = arg z; (z) = 2 arctan jzj:
Here the North pole = 0 maps to z = 0 and the South pole = maps to z = 1.
Similarly, we can de ne a transformation between the spherical coordinates ( ; ) and w 2 C by
and (w) = arg w; (w) = 2 arctan jwj: Consider two curves in D which intersect in z 0 . The conformal mapping has the important properties that the tangents of the curves will both be rotated by arg f 0 (z 0 ) and in nitesimal line segments in the neighborhood of z 0 will be scaled by jf 0 (z 0 )j. Thus the angle between the tangents and the shape of in nitesimal gures are preserved. For details, see Rudin (1987) .
The extended complex plane C can be conformally mapped to C only, and this may be achieved by a linear fractional transformation. This transformation has the property that straight lines are mapped to straight lines or circles, and that circles are mapped to lines or circles. By considering a straight line as a circle with in nite radius this property can be abbreviated and we state that the transformation maps circles to circles.
A linear fractional transformation is uniquely de ned by the correspondence of three pairs of di erent points in the w and z plane. By writing these pairs as (w 1 ; z 1 ), (w 2 ; z 2 ) and (w 3 ; z 3 ), the transformation can be written as 
This de nes a conformal mapping from the z plane to the w plane. For details, see Rudin (1987) and Ivanov and Trubetskov (1995) . By construction the range of w(z) is the entire C.
We wish to de ne the location of the North and South poles in the ( ; )-coordinates which correspond to w = 0 and w = 1 respectively. Hence we de ne the two rst pairs as (w 1 = 0; z 1 = a) and (w 2 = 1; z 2 = b). For convenience the third pair is de ned as 
2. 
The inverse transformation is:
Eq: (3) ?! w; w Eq: (7) ?! z; z Eq: (2) ?! ( ; ):
In each of the steps the angles are preserved, the shape of in nitesimal gures are preserved, and circles are mapped to circles.
To use this transformation we need to de ne a, b and c in the transformation between z and w presented in Eq. (6) 
and the transformation in Eq. (8) and (9) is de ned by the two points ( a ; a ) and ( b ; b ) only.
The coordinate transformation, as described by Eq. (8) and (9), will now be visualized through a sequence of gures. Fig. 1 shows the original ( ; ) coordinate system. In Fig. 2 the original coordinate system is transformed and represented in the ( ; ) coordinate system by de ning the points ( a ; a ) and ( b ; b ) and constructing ( c ; c ) by Eq. (11) and (12). We observe that the grid is symmetric with respect to the transformed poles. Fig. 3 shows the same transformation as in Fig. 2 , except that ( c ; c ) is chosen independently. Here we observe that the grid is asymmetric with a higher density of grid lines towards the nearest transformed pole.
The grid presented in Fig. 2 is in fact a rotated asymmetric bipolar grid as discussed in Murray (1996) . The essential di erence between the methods is that in Murray (1996) the poles are rst placed symmetrically with respect to the Equator followed by a sequence of Euler rotations to move the poles in the desired locations, while in our formulation the poles are placed directly in the desired locations by the linear fractional transform in the extended complex plane.
Mercator transformation
The Mercator projection of a sphere onto a plane is de ned as a transformation from spherical coordinates ( ; ) to Cartesian coordinates (x; y) in the following way: 
For details on the Mercator projection see Steers (1962) . By using x and y as parameters the metric scale factors are a cos in both directions, where a is the radius of the sphere. A transformation from (x; y) to ( ; ) is performed by using Eq. (14), followed by the steps in Eq. (9). This transformation is visualized in Fig. 4 and 5, where a grid in the (x; y)-plane, consisting of square cells, is mapped to a sphere. We observe that the cells approximately preserve their square shape which is no surprise since the transformation preserves the shape of in nitesimal gures. This property also implies that locally the metric scale factors are the same in both directions. Figure 4 and 5 are identical to Fig. 2 and 3 respectively, except for the Mercator transformation.
Applications of the coordinate transformation
We will now demonstrate the use of the coordinate transformation derived in the Section 2 for generating numerical grids. The transformation between spherical coordinates is de ned by specifying the new locations of the North and South poles and optionally a third point. A grid represented in spherical coordinates can then easily be represented in a new set of spherical coordinates, and the construction of orthogonal grids originating from regular grids, as shown in Figs. 2 and 3 , is straightforward. It should be mentioned that there is no constraint when constructing the original grid. Thus non-regular grids, e.g. with a higher density of grid lines in some areas, can be used. In addition, by applying a Mercator transformation, grids with approximately square gridcells as shown in Figs. 4 and 5 are easily constructed. It should also be mentioned that since the coordinate transformation maps circles to circles on the sphere, it is well suited to construct grids which can be combined with other grids. For example can we use a regular global grid up to say 60 North and use a grid in the Arctic constructed by the coordinate transformation presented here. This Arctic grid may be de ned by locating the poles on the 60 parallel in Canada and Siberia respectively. This combined grid does not have any singularities in the ocean. Such a grid, along with other variants, is presented in Murray (1996) .
Global model with focus in the North Atlantic
For the purpose of a climate study of the North Atlantic region, a global ocean model has been constructed. The coordinate transformation presented in Section 2 has been used to create the model grid which is presented in Fig. 6 . Here the poles are located with the intention to increase the resolution in the region of interest. Also the Mercator transformation has been used to ensure approximate square grid cells. Figure 7 shows the size of the grid sides in the model domain.
Compared to a regional model a global formulation has the advantage that no vertical boundaries must be speci ed. Also the computational cost of a global model as formulated here is modest. Common problems for models in this region, formulated with conventional latitude-longitude grids, are representing the circulation in the Arctic Ocean, the transport through the Bering Strait, and proper description of the exchange of water masses between the Arctic and the North Atlantic Oceans. These problems are not present, or partly eliminated, with the grid presented in Fig. 6 .
The ocean model used is the Miami Isopynic Coordinate Ocean Model (MICOM) as described in Bleck et al. (1992) , but expressed in terms of a general curvilinear coordinate system. A sea ice model is included, where the thermodynamic part is based on Drange and Simonsen (1996) , and the dynamic part (also expressed in terms of general orthogonal coordinates) is based on Hibler III (1979) and Harder et al. (1998) . The initial elds for the model integration are January salinity and temperature elds obtained from and . Wind forcing elds are derived from ECMWF and COADS as prepared by Oberhuber (1988) , precipitation elds are from Legates and Willmott (1990) , whereas the total cloud cover, surface air temperature, and surface speci c humidity elds are derived from COADS (Woodru et al., 1987) .
A snap-shot from the spin up integration is presented in Fig. 8 where the streamfunction of the vertical integrated mass transport is visualized in the region of interest. The model captures the main features of the circulation in the North Atlantic, Nordic Seas and the Arctic, with prominent sub-tropical and sub-polar gyres of maximum transport of about 35 Sv and 20 Sv, respectively. In addition, isolated circulation cells are seen o Gibraltar and in the Nordic Seas, both with a circulation intesity of more than 10 Sv. These ndings are in fair agreement with the results obtained from the DYNAMO Group (1997) model intercomparison project, with the exception of the circulation in the Nordic Seas that was not freely simulated in the DYNAMO project.
South Atlantic model with focus along the west African coast
A version of the Miami Isopycnic Coordinate Ocean Model (MICOM) has been implemented and validated for a region covering all of the South Atlantic but using a grid with variable resolution which decreases from approximately 10 km along the west African coast to about one degree along the South American coast and Antarctica. The grid is shown in Fig. 9 in half resolution. This grid con guration allows for a large model domain where the open boundaries are far from the region of interest where the boundary conditions have only negligible in uence. For details on the model setup, see Evensen (1998) . A 11 year hind-cast run was performed from 1986 to 1996 using synoptic forcing elds. The simulation has produced a large data set (stored every 10 days) which has been analyzed and intercompared with other results as presented in the open literature. The model has proved to reproduce the major current systems in the South Atlantic very well, including the equatorial currents, the Benguela Current and the Guinea Current. The Benguela upwelling zone is very well described both in terms of location of the AngolaBenguela front and the water-mass characteristics. For the Equatorial Current System, the model reproduces the major surface and undercurrents and their annual variability. It also gives a fairly clear interpretation of how the various undercurrents connect and feed the Gabon Congo Undercurrent and the Angola Current, and it provides a mean for interconnecting the Equatorial and Benguela systems. Results from this experiment are described in Evensen (1998) , while a high-light from the simulation is shown in Fig. 10 where the winter surge of the Equatorial Undercurrent is propagating all the way to the African coast where it divides into two poleward undercurrents. This has, to our knowledge, not been modeled previously and con rms observations discussed by Wacogne and Piton (1992) .
Summary
A coordinate transformation between spherical coordinates which is carried out with the aid of a conformal mapping in the extended complex plane, has been presented. The transformation preserves angles and the shape of in nitesimal gures and also maps circles to circles on the sphere. These properties make the transformation well suited for constructing grids for numerical modeling and examples in the eld of ocean modeling have been presented. The transformation is de ned by the new locations of the poles and an optional third point. In this way singularities in the ocean domain can easily be avoided. Also enhanced resolution in some areas may be achieved with a smooth transition towards lower resolution. By using a Mercator transformation in addition, a grid with locally equal metric scale factors in both directions can be constructed.
A grid generation program is freely available for research applications by contacting the authors. project (HD). This is contribution number 22 from G. C. Rieber Climate Institute of NERSC. 
